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An ecosystem is a nonlinear dynamical system, its orbits giving rise to the observed 
complexity in the system. The diverse components of the ecosystem interact in discrete time 
to give rise to emergent features that determine the trajectory of system’s time evolution.  
The paper studies the evolutionary dynamics of a toy two-species ecosystem modelled as a 
discrete-time Kolmogorov system. It is assumed that only the two species comprise the 
ecosystem and compete with each other for obtaining growth resources, mediated through 
inter- as well as intra-specific coupling constants to obtain resources for growth. Numerical 
simulations reveal the transition from regular to irregular dynamics and emergence of chaos 
during the process of evolution of these populations. We find that the presence or absence of 
chaotic dynamics is being determined by the interspecific interaction coefficients. For values 
of the interspecific interaction constants widely apart, the system emerges to regular 
dynamics, implying coexistence of the competing populations on a long- term evolutionary 
scenario. 
Key Words: Ecosystem, Complex system, Discrete Kolmogorov system, Emergence, Chaos, 
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I. Introduction 
An ecosystem is a discrete map defined on a compact, normed space. The various states of 
ecosystem that are observed in nature are the orbits of the map. Following common usage of 
the term, we shall henceforth refer to an orbit of the above map as an ecosystem.  
A given ecosystem evolves in time by evolving complex structures and patterns due to the 
emergent behaviour of the interactions between the components comprising it, qualifying as a 
complex adaptive system. These patterns, in turn, serve as indicators of long-term 
coexistence or extinction of the constituent species populations. This feature of the ecosystem 
qualifies it to be a complex adaptive system [1, 2, 3, 4, 5]. 
The question of dynamic coexistence of competing species in a complex ecosystem has been 
a problem of prime importance in dynamical systems research, attracting a significant body 
of studies [6, 7, 8, 9, 10, 11, 12]. Both, intra-and inter-specific competitions constitute one of 
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the fundamental classes of ecological interaction, leading to possible coexistence or 
extinction of competing species in a given ecosystem. Hence, competitive interactions are 
important objects of study in order to gain an understanding of the dynamics of evolution and 
emergence of complex structures in the ecosystem.  
The objective of the present work is to explore the discrete-time dynamical behaviour of a 
competitive two-species “toy” model of an ecosystem such that both the species occupy the 
same trophic level. We use numerical experiments with an aim to describe and understand 
some possible characteristic features of the emergence of dynamical regimes and hence of 
complexity in the evolving ecosystem. The work is a descriptive modelling of the “toy” 
ecosystem behaviour. In particular, we study the explicit influence of the competitive 
interaction on a long-term coexistence of the species, which have non-overlapping 
generations.  We assume that the “toy” ecosystem comprises populations of only two species 
at the same trophic level, which we call species A and B respectively, such that the length of 
their generations is similar. The paper makes a further simplification by assuming that apart 
from these two species, populations of no other species, floral or faunal, is present in the 
ecosystem, meaning thereby that the ecosystem entirely comprises species A and B only.  
It may be noted that discrete-time complex dynamics of ecosystems have been well-studied 
since long. Such systems have been analysed by authors, primarily with a focus on the 
predator-prey communities or on a single species population [7, 8, 9]. The work presented 
here has its focus instead on the inter-specific competition that may best be conceptualized at 
the same trophic level of the ecosystem. 
An appropriate model for addressing our objective is the discrete-time Kolmogorov system, 
which adequately describes the population dynamics two-species population with non-
overlapping generations [10, 11, 12, 13, 14, 15, 16]. 
In this work we study the time evolution of non-overlapping generations of the two species A 
and B, comprising a typical “toy” ecosystem. Without loss of generality, we choose to study 
the competitive response of population of A to population of B using numerical simulations 
to understand the various discrete dynamical signatures of such an interaction, and address 
the question of coexistence of these populations. In section II, we propose the mathematical 
model of discrete-time Kolmogorv system governing the dynamics of the toy ecosystem and 
pose the research question. In section III, we report sample results of the numerical 
experiments and simulations performed on the proposed model, in order to address and 
answer the question posed, and conclude the paper in section IV, after drawing inferences 
from the results obtained. 
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II. Modelling 
Let  .,X  be a compact, normed space. Let Xx 0 . Let  
           XXT :                                                                                                                     (1) 
be a discrete-time map, and let  0: xTx
n
n   be the  iterates of T for ,...}1,0{Nn , obtained 
as orbits on discrete time evolution ofT . The map T is the ecosystem in this work, with 
iterates denoting different states of the ecosystem in the state space X . 
Let the state space of the toy ecosystem be the normed space  .,X . Assume that the 
population dynamics of the two competing species are governed by the discrete-time 
Kolmogorov map having the form 
                     t
ii
t
i
t xTxx 1 , 2,1i , Nt ,                                                                              (2) 
In the system (2) above, we consider T to be a two-dimensional logistic map and denote the 
population densities of the B and A species at time (generation) nt   respectively by  inx , 
2,1i . The corresponding vector of population densities is given by       
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In our study, the state space of the system (2) is a subspace of
2 , the two-dimensional real 
vector space.  
For the purpose of our modelling, we write the system (2) explicitly as 
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where 0,0 21  rr  are respectively the logistic growth rates of the populations of A and B 
species, and the non-negative coupling constants 41,cc  are the intra-species competition 
coefficients while  32 ,cc  are the corresponding quantities representing  inter-species 
competition [17]. 
For the sake of simplicity of notation, we shall write  1nx  as nx and 
 2
nx as ny . Since our 
concern in the present work is with the A species population’s response to competitive 
interaction by the B population, we shall assume a simplification and study the discrete-time 
Kolmogorov dynamical system (3) with only 2r as the control parameter in the numerical 
simulations. With such a simplifying assumption, the research question for our work may be 
stated as: what are the asymptotic behaviours of the trajectories of the Kolmogorov system 
(3), when the growth dynamics is controlled by the parameter 2r ? 
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We address the question posed above by performing numerical experiments and 
corresponding simulations of the dynamics of the ecosystem (3) and report sample instances 
of the results of the simulation in this paper. 
III. Numerical experiments, simulations and results 
In the following, we report the experimental results obtained by numerically simulating the 
discrete Kolmogorov system (3), to investigate (I) stability of the system; (II) bifurcations in 
the system and (III) Lyapunov exponents of the system. 
(I) Stability of the system 
To examine the stability of the system (3) at a given fixed point  


 





 yx
y
x
x , , we 
evaluate the Jacobian matrix J  of the map T at this point and then subject J  to standard test 
procedure for obtaining the conditions for existence of (stable or unstable) fixed points of the 
map.  
We begin by setting the coupling constants 032  cc  for the first part of this investigation. 
The assumption makes the coupled system (3) get decoupled, and the two constituents behave 
as two independent equations, and hence the individual species population densities do not 
influence one another. The following table summarizes the results obtained: 
S. No Fixed point Parameter values required for stability 
1  0,0  10 1  r , 10 2  r , 41,cc arbitrary 
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We then carry out the fixed point analysis in presence of the inter-species interactions. For 
this part of the exercise we assign non-zero arbitrary but feasible values to the coupling 
constants, including 2c  and 3c . Due to the reason mentioned in the foregoing, our study in 
this work is concerned about the dependence of dynamics of the system (3) on the parameter
2r , the growth rate of the A ecosystem. We therefore use 2r as the control parameter in the 
system dynamics and treat all other parameters as constants for any given instance. It may be 
noted that because of being logistic in character,  4,02 r . By changing the parameter values 
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suitably, coordinates of the fixed points for the map (2) could be obtained. The above 
stability analysis also indicated the feasible ranges for the permissible values of the various 
parameters involved in the model.  
(II) Bifurcations in the system 
Keeping all other parameters of the system (3) at constant values for each instance, we vary 
2r to obtain the bifurcation diagrams of the system dynamics given by the mapT . We observe 
from the diagrams given in Fig.1 that the dynamics of the system exhibits regularity for 
 0.4,8.2,5.2,6.0},3.0,2.0,1.0{,8.1,0.3 243211  rccccr  
       
     
           
Fig. 1 Regular behaviour of the system dynamics with variation of r2 for different values of 
coupling coefficients c2, when other parameters are r1 = 3.0, c1 = 1.8, c3 = 0.6, c4 = 2.5. Initial 
conditions are taken as (x0
(1)
 , x0
(2)
 ) = (0.2, 0.1), screenshot after 400 iterations. 
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We however observe from the simulation that when the values of 2c and 3c are chosen closer 
to one another, the dynamics of the system tends to behave chaotically as could be seen from 
Fig. 2 below: 
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Fig. 2 Chaotic behaviour of the system dynamics with variation of r2 for closer values of 
coupling coefficients 32 ,cc  when other parameters are r1 = 3.0, c1 = 1.8, c4 = 2.5 and the initial 
conditions are taken as (x0
(1)
 , x0
(2)
 ) = (0.2, 0.1). Screenshot after 400 iterations. 
It may thus be inferred from the foregoing that proximity in the values of inter-specific 
interaction coefficients serves as one of the determinants of emergence of chaos in the 
population dynamics of the species.  
(III)  Lyapunov exponents for the system 
Lyapunov exponent is obtained as an average measure of the exponential divergence of two 
orbits evolving under the given mapT , initiated with infinitesimal separation [18, 20]. It 
therefore provides a measure of local (between neighbouring points) average expansions of 
the system (3) as the system evolves in time starting from the initial state at time 0t .  
Among various characteristics of chaotic dynamics, positivity of the largest Lyapunov 
exponent happens to be a principal one.  We shall call the orbit set of T  as chaotic if its 
asymptotic measure has positive Lyapunov exponent [18, 19, 20, 21, 22].  
Let },{ 11  iii xxU , 1,...,0  ni be the set of all neighbours of the point Xx . Then, we 
may write 000 yxU  for Xyx 00 , . Lyapunov exponent for the map T is then given by 
                         0
1
0
ln
1
lim UxJ
n
n
i
i
n
T 



                                                                                (4) 
and, nn yx 
n
Te
  describes the exponential separation with iteration n  between two 
neighbouring points that evolve under the map T , with infinitesimal initial separation. 
The following figures, sampled from the results obtained through numerical simulations, 
depict the phase portraits of the discrete time evolution of the two competing species, 
alongside the functional dependence of the Lyapunov exponent   T on the number of 
iterations n . It may be observed from the figures that the behaviour of the system is in 
consonance with the results and of (B) illustrated in figs 1 and 2 above, and the inference 
drawn.  
The diagrams in Fig 3 show that for values of the inter-specific interaction coefficients that 
are chosen apart from one another, the two species exhibit long-term co-existence in the toy 
ecosystem. The Lyapunov exponents indicate that the system dynamics enters chaotic regime 
when the above coefficients are chosen closer or identical in value to one another.  
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Fig.3 Phase diagrams and corresponding Lyapunov exponents for the system dynamics. Other 
parameters are r1 = 3.0, c1 = 1.8, c5 = 2.5 and initial conditions are (x0
(1)
 , x0
(2)
 ) = (0.1, 0.1). All plots are 
between iteration numbers 500 and 600. 
IV Conclusion 
Three related aspects of the dynamics of the complex, discrete-time Kolmogorov system (3) 
were studied in this paper through numerical simulation. We find the inter-species coupling 
coefficients 2c and 3c  to be important determinants in the long-term dynamics and 
consequent emergence of patterns in the “toy” model. When their values are chosen in close 
proximity to each other, or are chosen to be identical, the dynamics of the system (3) enters a 
chaotic regime, indicated both, by the bifurcation diagrams and the Lyapunov exponents for 
the system. Existence of chaos in the evolution of populations of the competing species may 
therefore be considered as an emergent feature in the long-term behaviour of the ecosystem. 
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In this context, it is worth noting that a discrete dynamical model of competitive outcomes 
mentions emergent dynamical scenarios even in contradiction to the well-known Competitive 
Exclusion Principle [23]. 
However, we observe for values of the above coefficients chosen distant apart, the dynamical 
behaviour of the competitive outcomes remain regular. It may thus be conjectured that the 
two components of the ecosystem, namely the populations of species A and B, would 
continue to competitively coexist through the long-term evolution of the system (3), provided 
that the intra-specific competitive interactions have an appreciable difference in strengths, 
thus yielding the emergent phenomenon of population coexistence in the long-term dynamics 
of the ecosystem.  
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